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Abstract

We study and comparetwo novel embeddingmethods
for segmentingfeaturepoints of piece-wiseplanarstruc-
turesfrom two (uncalibrated)perspectiveimages.Weshow
thatasetof differenthomographiescanbeembeddedin dif-
ferentwaysto a higher-dimensionalrealor complex space,
so that eachhomographycorrespondsto eithera complex
bilinearform or a realquadraticform. Eachembeddingre-
vealsdifferentalgebraicpropertiesandrelationsof homo-
graphies.We give a closed-formsegmentationsolutionfor
eachcaseby utilizing thesepropertiesbasedon subspace-
segmentationmethods.Thesetheoreticalresultsshow that
one can intrinsically segment a piece-wiseplanar scene
from 2-D imageswithoutexplicitly performingany 3-D re-
construction. The resultingsegmentationmay make sub-
sequent3-D reconstructionmuch better-conditioned. We
demonstratethe proposedmethodswith someconvincing
experimentalresults.

1. Intr oduction

Piece-wiseplanarstructuresare ubiquitousin both in-
door and outdoor man-madeenvironments. Given a se-
quenceof imagesand a set of tracked featurepoints of
a scene,many problemsassociatedwith the task of re-
constructingthe 3-D motion andstructurefrom the image
sequencecan be signi�cantly simpli�ed or madebetter-
conditionedif we know which subsetof pointsbelongto
thesameplanein 3-D. For instance,theclassical“x-point”
algorithmsbecomeill-conditionedwhenthey happento be
applied to coplanarfeatures,and it is thereforevery im-
portantto know in advancewhich subsetsof featuresare
coplanar. In addition, it is well-known to practitionersof
multiple-view geometrythat knowing someplanesin 3-D
(andtheirhomographies)maygreatlyfacilitatemany recon-
structionproblemssuchastheprojective-to-af�ne strati�ca-
tion [4], structurefrom motion [3], cameraself-calibration
[12,18],widebaselinematching[8], planarparallax[5], and
thestudyof dynamicalscenes[10], just to namea few.

However, without �rst performingthe 3-D reconstruc-

tion, how canwe determinewhich subsetsof the features
arecoplanarin 3-D?This paperaimsto provide principled
answersandpracticalalgorithmsfor this problem.We will
show rigorouslythatit is possibleto segmentasetof corre-
spondingfeaturesfrom two perspectiveviewsinto coplanar
subsetswithout explicitly performing3-D reconstruction.
Noticethat,we do not assumethat thesceneis static. The
planescanbemoving independentlyfrom oneanotherwith
respectto thetwo viewsor they canbeall staticwith respect
to eachother. For eithercase,thereis alwaysa uni�ed so-
lution to segmentthe featuresinto coplanarsubsets.More
precisely, in thispaperweprovideasolutionfor thefollow-
ing mathematicalproblem:
Problem (Homography Segmentation) Assumethat a
sceneis piece-wiseplanar. Given a setof corresponding
feature points f (x k

1 ; x k
2 )gN

k=1 from two perspective(cali-
brated or uncalibrated) views of the scene, estimatethe
numberof planes,the homographyrelations,and segment
the feature points basedon the 3-D planesto which they
belong.

Relation to Previous Work. Despiteits practicalimpor-
tance, the above problem has received relatively less at-
tention than other more generalimage/motionsegmenta-
tion problems[11]. This is probablybecausemostmeth-
ods for segmentingrigid-body motions(i.e., fundamental
matrices)[14,17] do not directly apply to homographies.
Given an imagesequence,commonstatisticalapproaches
havebeenproposedto selectpointsetsfrom themostlikely
planesusingtheRANSAC method[1,4,15] or otheritera-
tive schemes[7]. Sinclair andBlake [9] introducedan ef-
fectiveprojectiveplanarinvariantto conductlocal searches
on the imagesfor � ve coplanarpoints,andfurther predict
new imagepositionsbasedontheirstandarddeviations.Re-
cently, [13] discoveredthat theproblemof segmentingin-
dependentlymovingplanarobjectsis solvablealgebraically
basedon a complexi�cation of the homographymatrices
which essentiallyreducesthe problemto the sameasseg-
mentingfundamentalmatrices.

Contrib utions of This Paper. In this paper, we provide
analternative algebraicsolutionto homographysegmenta-
tion otherthanthesolutionbasedoncomplexi�cation given
by [13]. Thenew solutionexploits propertiesof thehomo-



graphyexclusively in the real domain. By a comparative
studyof thetwo solutionsin boththecomplex domainand
the real domain,we examinemore thoroughlythe math-
ematicalpropertiesandalgorithmic issuesassociatedwith
segmentingmultiple planarobjects,regardlessof their 3-D
motion(s).Furthermore,in orderto betterdealwith noise,
we proposea morerobustobjective functionfor estimating
themulti-planehomographybasedontheRayleighquotient
which is bettersuitedfor segmentationpurposes.Although
we do not addressthe issuewith outliers, the result will
provide insightfor thedevelopmentof robusttechniquesin
the future. We conductextensive simulationsandexperi-
mentsonsyntheticdataandreal imagesto validatetheper-
formanceof theproposedsolutionsandalgorithms.

2. Homography Segmentationvia ComplexBi-
linear Embedding

We �rst review the formulation of the complex homo-
graphyconstraintbasedon [13]. In particular, we discuss
thegeometricinterpretationof theinducedcomplex epipo-
lar lines andepipolesfrom the complex homographycon-
straint. We thenproposea new methodusinga Rayleigh
quotientto estimatethe complex multi-planehomography,
whichbooststheperformancein thepresenceof noise.

2.1. Complexi�cation of Homography

Given a featurepoint X 2 R3 on a planein thespace,
the imagepoints in the two views satisfythe homography
relationunderthehomogeneouscoordinates:1

x 2 � H x 1 , �

2

4
x2
y2
1

3

5 =

2

4
h11 h12 h13
h21 h22 h23
h31 h32 h33

3

5

2

4
x1
y1
1

3

5 ; (1)

whereH 2 R3� 3 is the homographymatrix. SinceH is
full rank,traditionalmotionsegmentationmethods[14,17]
for thefundamentalmatrixF , which is of rank2, no longer
apply to thesegmentationof homographies.However, we
may complexify the homographymatrix H asthe follow-
ing:

�
�
x2 + iy 2

1

�
=

�
h11 + ih 21 h12 + ih 22 h13 + ih 23

h31 h32 h33

�
2

4
x1

y1

1

3

5 ;

wherei =
p

� 1, andwe denotethecomplexi�ed H matrix
as ~H 2 C2� 3. De�ne w 2 =

�
1

� x 2 + iy 2

�
2 C2 andalso

considerx 1 2 C3, then we rewrite (1) as the following
complex bilinearconstraint:

w �
2

~H x 1 = 0 2 C; (2)

where� denotestheHermitiantranspose.Thisconstraintis
calledthecomplex homographyconstraint.

1In this paper, theoperator“ � ” means“equalup to ascalar.”

2.2. ComplexEpipolar Line and Epipole

Noticethatjust like thefundamentalmatrix F , thecom-
plex homographymatrix ~H is of rank2. Comparingequa-
tion (2) with theclassicalepipolarconstraintx T

2 F x 1 = 0,
wecande�ne asimilar conceptof the(left) complex epipo-
lar line:

~l � ~H � w 2 2 C3; (3)

whichstill satis�esthegeometriccondition:~l � x 1 = 0.
Now considera planeP in space.Assumewe have N

featurepointsonP, andthey all obey thesamehomography
relationH . After thecomplexi�cation of H andf x k

2gN
k=1 ,

they yield N (possibly) different complex epipolar lines
f ~lk g. Sincethecomplex homography~H hasrank-2,there
existsa vector~e 2 C3 suchthat

~H ~e = 0: (4)

If we further normalize ~e = [~e1; ~e2; 1]T by a complex
scalar, then ~e becomesan imagepoint on a complex im-
ageplaneat distance1 from thecameracenter. According
to this de�nition, for any complex epipolarline ~l in the�rst
view, ~l � ~e = 0. That is, ~e is the intersectionof all complex
epipolarlines. ~e is called the complex epipoleassociated
to thehomographyH . In summary, a homographyrelation
associatesonecomplex epipolarline to eachpair of feature
points,andall complex epipolarlines intersectat thecom-
plex epipoleof thehomography.

2.3. Estimation of Multi­Plane Homography

Now assumewe know therearen differentplanarstruc-
turesin a scene. We now proposea new approachto es-
timatethe complex multi-planehomographyandcomplex
epipolesfrom the imagedata.For noisydata,a signi�cant
improvementin theaccuracy will beachievedby estimating
anoptimalsegmentationmulti-planehomographybasedon
theRayleighquotient.

Eachimagepair (x 1; w 2) mustsatisfy

nY

k=1

(w �
2

~H k x 1) = 0; (5)

sincethe imagepair hasto satisfy one of the n different
homographyconstraints.(5) canbe written usingan nth-
degreeVeroneseembeddingof thecomplex data(x 1; w 2)
in a bilinearform [13]:

� n (w 2)� ~H� n (x 1) = 0 2 C; (6)

where� n : CK ! CM K
n of degreen is de�ned as

� n : [z1; : : : ; zK ]T 7! [zn
1 ; zn � 1

1 z2; : : : ; zn
K ]T ; (7)

andthedimensionof thecodomainM K
n = ( n + K � 1

n ) : The
matrix ~H is calledthemulti-planehomographymatrix.



We further rewrite the bilinear equation(6) as the fol-
lowing linearform:

�
� n (w 2) 
 � n (x 1)

� � ~H S = 0 2 C; (8)

where
�
� n (w 2) 
 � n (x 1)

�
2 CM 2

n �M 3
n is the Kronecker

productof thetwo columnvectors� n (x 1) and� n (w 2), and
~H S is thestackedversionof thematrix ~H .

Whenwe have N pairsof imagepoints,andassumethe
modelnumbern is known, thematrixL n de�ned by
�
� n (w 1

2) 
 � n (x 1
1) ; : : : ; � n (w N

2 ) 
 � n (x N
1 )

�
2 CM 2

n �M 3
n � N

hasexactly a 1-dimensionalleft null spacespannedby the
vector ~H S . In otherwords, ~H S de�nes an(M 2

n � M 3
n � 1)

dimensionalhyperplane,which is the subspacecontaining
all thedatavectorsof theform � n (w 2) 
 � n (x 1), suchthat

L �
n

~H S = 0 (9)

asillustratedin Figure1. In thepresenceof noise,a linear
least-square(LLS) solutionto ~H S is given asthe singular
vectorof L �

n associatedwith thesmallestsingularvalue.
However, theLLS solutionmight not be theonethat is

the bestfor segmentation,so we presenta new approach
basedon the Rayleighquotient [2], which will lead to a
bettermulti-planehomographyfor segmentation.
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Figure 1. ~H S de®nesa hyperplanein theambientspace.
The normalevaluatedat eachpoint shouldbe at the same
direction.

ThematrixL n is a functionof a � ve-dimensionalvector
[w 2; x 1]T 2 C5, andwe computethegradientwith respect
to [w 2; x 1]T for eachcolumnvectork, k = 1; : : : ; N , rep-
resentinga multi-planehomographyconstraintfor onepair
of points:

rL n (k) =
�

@� n (w k
2 )

@w 2

 � n (x k

1 ); � n (w k
2 ) 


@� n (x k
1)

@x 1

�
;

Then the whole matrix rL n hasthe dimensionof (M 2
n �

M 3
n ) � 5 � N .

Example1 Assume we have a pair of image
points x 1 = [x; y; z]T and w 2 = [u; v]T . Then
the second degree data matrix L 2 is � 2(w 2) 

� 2(x 1) = [u2; uv; v2]T 
 [x2; xy; xz; y2; yz; z2]T =

[u2x2; u2xy; : : : ; u2z2; uvx2; : : : ; v2z2]T 2 C18: Its
gradientrL 2 2 C18� 5 is givenby

2

6
6
4

@u 2 x 2

@u
@u 2 x 2

@v � � � @u 2 x 2

@z
...

...
@v 2 z 2

@u
@v 2 z 2

@v � � � @v 2 z 2

@z

3

7
7
5=

2

6
4

2ux 2 0 2u2x 0 0
...

...
0 2vz2 0 0 2v2z

3

7
5:

De�ne

A :=
NX

k=1

L n (k)L n (k) � ; B :=
NX

k=1

rL n (k)rL n (k) � :

Then the multi-planehomography ~H S that bestsegments
then planesminimizesthefollowing Rayleighquotient:

~H S = argmin
c

�
c� Ac
c� Bc

�
: (10)

A closed-formsolutionto thisproblemis givenasthemini-
malgeneralizedeigenvectorof thematrixpair(A ; B). Geo-
metrically, equation(10)aimsto obtainanoptimalsolution
of ~H S in thepresenceof noise,suchthatthesolutionsimul-
taneouslyminimize the model �tting error and maximize
themodeldistancesbetweenhomographies.As wewill see
from experiments,thesolutiongivenby theRayleighquo-
tientoutperformstheLLS solution.

2.4. SegmentingMulti­Plane Homography

The fact that differenthomographiesnormally result in
different complex epipolesallows us to segment feature
pointsfrom anunknown numberof planarstructures.

For eachimagepair (x k
1 ; w k

2 ), its complex epipolarline
~lk is:

~lk �
�

� n (w k
2 ) 


@� n (x k
1 )

@x 1

� �
~H S 2 C3; (11)

whichsatis�esthepropertythat~l �
k � x k

1 = 0.
If weknow thereexist n differentplanarstructuresin the

scene,eachstructureis associatedwith a complex epipole
~ek ; k = 1; : : : ; n. Sofor anarbitraryepipolarline ~l , it must
satisfy:

nY

k=1

(~l � � ~ek ) = 0: (12)

Thentheproblemof segmentingfeaturepointsto different
homographiesbecomesa standardsubspacesegmentation
problemwith unknown subspacenormals~ek ; k = 1; : : : ; n.
A solutionto this problemhasbeensolvedin [13].

Remark 2 (Number of Planes) The above discussionas-
sumesthat weknowthenumbern of planar structures.We
haveseveral solutionsto determinethis numberusingthe



rank conditionand theeigenvaluesof the data matrix L n .
Theoretically, this numberis determinedby:

n = argmin
m

f r ank(L m ) = M 2
m � M 3

m � 1g (13)

asL n hasa one-dimensionalnull spacefor thecorrect n.
In thepresenceof noise, thefollowing modelselectioncri-
terion [6] givesverygoodestimations:

n = argmin
m

n � 2
M 3

m �M 2
m

(L m )
P M 3

m �M 2
m � 1

k=1 � 2
k (L m )

+ �M 3
m �M 2

m

o
; (14)

where � k (L m ) is thekth singularvalueof L m and � > 0
is a smallweightingvalue.

We outlinethesegmentationprocessasAlgorithm 1.

Algorithm 1 (Segmentationvia Complex Bilinear Em-
bedding).

1: Complexify x 2 ! w 2, andnormalizethedatavectors
x 1 and w 2. ConstructL k ; k = 2; : : : ; nmax , where
nmax is a presetmodel numberthreshold. Then the
numberof planarstructurescouldbe determinedfrom
equation(14).

2: Minimize the following Rayleighquotient to get the
multi-planehomography~H S :

~H S = argmin
c

�
c� Ac
c� Bc

�
:

3: For eachpair of points (x k
1 ; w k

2), its corresponding
complex epipolarline is:

~lk �
�

� n (w k
2) 


@� n (x k
1 )

@x 1

� �
~H S :

4: Identify thepolynomialpn (~l ) =
Q n

k=1 (~l � � ~ek ) = 0:
5: for k = n : 1 do

6: ~y k = argmin
z 2f ~l g

j p n ( z ) j
kr p n ( z ) k + �

j ~e �
k +1 �z j��� j ~e �

n �z j+ � ; ~ek = r pn ( ~y k )
kr pn ( ~y k )k

( � > 0 is a small positive numberchosento avoid
casesin which the denominatoror the numeratoris
zero.)

7: end for
8: Segmenteachimagepair (x 1; w 2) asfollows:

class= argmin
k=1 ;:::;n

f ~l � � ~ek g:

Example3 We conducttwo experimentson syntheticdata
to testtheperformanceof thealgorithm. In the �r st exper-
iment,the camera is �xed, and two planesundergo differ-
ent rotationsand translationsin space(Figure 2 top). To
demonstratetheperformanceof thealgorithmat difference

noiselevels, we add Gaussiannoiseon the image points
after the perspectiveprojection. At each noise level, the
experimentis repeated100 times. Theresultsin Figure 2
bottomshowthat the proposedRayleighquotientboosted
theperformancefromtheoriginal LLSsolution.

Figure 2. Top: Two independentlymoving planesin front
of a camera;Bottom: Classi®cationrateversusnoiselevel
(left: Rayleighquotient;right: LLS).

Thesecondexperimentshowsthesegmentationof three
�xed planar structuresthat mimic a corridor: the camera
is moving backward from the �r st view to the secondone
(Figure 3 top). Figure 3 bottomshowsthe average clas-
si�cation ratesusing the RayleighquotientversusLLS at
differentnoiselevels.

Figure 3. Top: Two viewsof three®xedplanesin front of
a moving camera;Bottom: Classi®cationrateversusnoise
level (left: Rayleighquotient;right: LLS).

3. Homography Segmentation via Real
Quadratic Embedding

3.1. RealQuadratic Form

In thissection,weproposeamethodto embedthehomo-
graphyrelation into a systemof quadraticpolynomialsin
therealdomain.



Recallthehomographyrelationfor animagepair f x 1 =
[x1; y1; z1]T ; x 2 = [x2; y2; z2]T g underhomogeneousco-
ordinatesis

bx 2H x 1 = 0 2 R3; (15)

where bx 2 R3� 3 is a skew symmetricmatrix of x such
that x � z = bxz for all z 2 R3. Sincerank(bx ) = 2
for all nonzerovectors,the threeequationsin (15) arenot
independent.Wepick the�rst two equationsto describethe
relation:

�
0 � x2 y2
x2 0 � z2

�
2

4
h11 h12 h13
h21 h22 h23
h31 h32 h33

3

5

2

4
x1
y1
z1

3

5 = 0 2 R2:

(16)
Wecannotsolvefor H by any linearembeddingof (x 1; x 2)
usingthis constraint,sincetheformsof thetwo rowsof the
�rst matrix aredifferent. (The complexi�cation approach
we just describedis oneway to resolve this problem.)

However, this relationcanbedescribedby two quadratic
equationsof theform:

�
x T

1 ; x T
2

�
�

0 2 R3� 3 �H T
j 2 R3� 3

�H j 2 R3� 3 0 2 R3� 3

� �
x 1
x 2

�
= 0; (17)

wherej = 1; 2. We set �H1 =
h � h21 � h22 � h23

h31 h32 h33
0 0 0

i
, �H2 =

h h11 h12 h13
0 0 0

� h31 � h32 � h33

i
. It is easyto verify thatthetwo quadratic

equationsare equivalent to the original homographycon-
straint(16). If we denotethematrix in equation(17)asQj ,
andy = [x T

1 ; x T
2 ]T 2 R6, thehomographyconstraintbe-

comes:
y T Qj y = 0; j = 1; 2: (18)

Noticethat(18) is notageneralquadraticform sincethedi-
agonalblocksof Qj needto bezerosaccordingto equation
(17). Let f yi g6

i =1 be thesix entriesof y . Then,y T Qj y is
aspecialquadraticform whichonly involvesmonomialsof
thetypeyi yj with i 6= j .

3.2. Real Quadratic Embedding

Given n homographiesin the scene,we have n pairs
(Qk

1 ; Qk
2 ). A point y mustsatisfythefollowing constraint:

n[

k=1

n
(y T Qk

1y = 0)
\

(y T Qk
2y = 0)

o
; (19)

where
T

meanslogical “and”, and
S

meanslogical “or”.
Applying De Morgan's law, we rewrite theabove equation
as

\

�

n[

k=1

(y T Qk
� k

y = 0); (20)

where � = f (� 1; : : : ; � n )g is a set of combinatorialse-
quencesof 1 or 2 of lengthn. That is, y satis�esa setof

�tting polynomialsof theform:

p� (y ) =
nY

k=1

(y T Qk
� k

y ) = 0: (21)

Example4 Assumewehavetwo homographies:(Q1
1; Q1

2)
and (Q2

1; Q2
2). Then any y must satis�es the follow-

ing four �tting polynomials: (y T Q1
1y )(y T Q2

1y ) = 0,
(y T Q1

1y )(y T Q2
2y ) = 0, (y T Q1

2y )(y T Q2
1y ) = 0, and

(y T Q1
2y )(y T Q2

2y ) = 0.

Sinceeachtermy T Qy only involvesmonomialsof the
typeyi yj with i 6= j , p� (y ) is a special2n-degreepolyno-
mial which containsmonomialsof the typeyn 1

1 yn 2
2 � � � yn 6

6
suchthatn i � n andn1 + n2 + � � � + n6 = 2n. For this
reason,we considerapartialVeroneseembedding:

De�nition 5 (RealQuadratic Homography Embedding)
Thequadratic homographyembeddingof degree2n is

� 2n : y 2 R6 7! [: : : ; yn 1
1 � � � yn 6

6 ; : : :]T ;

wheren1; : : : ; n6 � n andn1 + n2 + � � � + n6 = 2n.

With this notation, we rewrite (21) as p� (y ) =
� 2n (y )T QS

� = 0 for somecoef�cient vectorQS
� associ-

atedwith themonomials.To identify thecoef�cient vector
QS

� from a collectionof imagepairsf y k = (x k
1 ; x k

2 )gN
k=1 ,

we solve QS
� from the left null spaceof the following em-

beddeddatamatrix:

L 2n =
�
� 2n (y 1); � � � ; � 2n (y N )

�
: (22)

Thatis, L T
2n QS

� = 0.
However, as we have demonstratedin Example4, the

choice of a �tting polynomial is not unique. After the
quadratichomographyembedding,the lifted data points
� 2n (y ) sit in a subspaceof codimensionlarger than one,
unlike thecomplex bilinearembeddingcase.We illustrate
the situationwith two homographiesin Figure4, in com-
parisonwith Figure1.

Similar to thecomplex case,we areableto segmentthe
datasetby decomposingthe polynomialsp� (y ). From a
segmentationpoint of view, onegeneralpolynomial from
thenull spaceof L 2n is enoughto correctlyclassifythedata
points. In thepresenceof noise,we againusetheRayleigh
quotientto �nd themostdiscriminatingpolynomialfrom all
thepolynomialsthat�t thedatasetwell:

QS = argmin
c

�
cT Ac
cT Bc

�
; (23)

where

A :=
NX

k=1

L 2n (k)L 2n (k)T ; B :=
NX

k=1

rL 2n (k)rL 2n (k)T :

This Rayleighquotientseeksthe optimal solution of QS

which strikesa balancebetweenthe �tting error of an im-
agepair to oneof thehomographiesandthedistanceto all
the otherhomographiesto which the imagepair doesnot
belong.
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Figure 4. An illustrationof a datasetfrom two homogra-
phiesembeddedvia therealquadratichomographyembed-
ding.

3.3. Segmentation

After the optimal QS is computed,we have obtaineda
�tting polynomialp(y ). In general,thezerosetof p(y ) is
a unionof quadratichyper-surfacesf y T Qk y = 0g. Notice
thatpointsthat lie on thesamequadraticsurfacehave nor-
mal vectorswith differentdirections.Thuswe cannotseg-
mentquadraticsurfacesbasedon the�rst orderderivatives
alone. We have to also considertheir secondderivatives,
i.e., theHessianmatrix H y :2

Proposition6 (Derivativesof a Fitting Polynomial)
Given a �tting polynomialp(y ) =

Q n
k=1 y T Qk y . If y

belongsto a quadratic surfaceSj parameterizedby Qj ,
let p(y ) = pj (y ) � �pj (y ); where pj (y ) = y T Qj y and
�pj (y ) =

Q
k6= j y T Qk y . Then

n = r y p(y ) = 2�pj (y )Qj y ;
H y (y ) = 2�pj (y )Qj + (Qj y )(r y �pj (y ))T

+( r y �pj (y ))( Qj y )T :
(24)

Notice the�rst termof H y (y ) is thescaledHessianfor
thesurfaceSj , but the remainingtermsdependon deriva-
tivesof factorsfrom othersurfaces.This preventsus from
directly usingHessianto segmentthedatato differentsur-
faces.

De�nition 7 (TangentMatrix) Givena point y 2 R6, the
tangentmatrix T(y) 2 R6� 5 is a matrix whosecolumns
form a basisfor the orthogonal complementto the space
spannedby thenormaln at point y .

ThetangentmatrixT is usedto eliminatethecrossterms
in (24).

De�nition 8 (Contraction of Hessians)Given a point y ,
thecontractionmatrix is de�nedas

C(y )
:
= T(y )T H y (y )T(y ) 2 R5� 5: (25)

2To avoid theambiguitybetweentheHessianandhomographymatri-
ces,theHessianmatrixwith respectto thevariabley is denotedasH y .

Proposition9 Givena quadratic surfaceSj representing
a homographyrelationparameterizedby Qj , for a point y
on it, its contractionmatrixbecomes

C(y ) = 2�pj (y )T(y )T Qj T(y) 2 R5� 5: (26)

Now, we considerthe intersectionof the two tangent
spacesat the two points y 1 and y 2, respectively. De�ne
T(y1; y 2) = T(y1) \ T (y 2). In general,thecolumnvec-
torsin T(y 1; y 2) spana 4-dimensionalsubspace.

De�nition 10 (Mutual Contraction) De�ne the mutual
contraction for a pair of pointsy 1 and y 2 to be the pair
of contractions( �C(y 1; y 2); �C(y 2; y 1)) at y 1 and y 2 with
respectto T(y 1; y 2):

�C(y 1; y 2) := T(y 1; y 2)T H y (y 1)T (y 1; y 2); (27)
�C(y 2; y 1) := T(y1; y 2)T H y (y 2)T (y1; y 2): (28)

Both �C(y 1; y 2) and �C(y 2; y 1) are 4 � 4 symmetricmatri-
ces.

The following theoremshows that for a pair of points
(y 1; y 2) on the samequadraticsurface,their mutualcon-
tractionmatricesareequalup to a scale.

Theorem11 For any two points y j and y k to be on the
samequadratic surface, we denoate�Cj = �C(y j ; y k ) and
�Ck = �C(y k ; y j ). Thenthefollowing relationholds:

�Cj � �Ck 2 R4� 4; (29)

where � means“equal up to a nonzero scalar”.

Theorem11 is a necessarybut insuf�cient conditionfor
distinguishingbetweenpointson differentsurfaces.How-
ever, points from differentsurfaceshaving similar mutual
contractionmatricesis a zero-measureevent.3 Hence,we
form asimilarity matrixS, suchthattheelementsof thema-
trix Sj k = h �C j ; �Ck i

k �C j kk �Ck k , whereh�; �i is thedot product.Then,
basedon thesimilarity matrix S, any spectralclusteringal-
gorithms[16] will beableto segmentthedatainto different
homographies.

The overall processof the proposedmethodis outlined
in Algorithm 2.

Example12 We run thesamedatasetsin Example3 using
therealquadraticembeddingmethod,andtheresultsat dif-
ferentnoiselevelsare shownin Figure 5. Comparedto the
resultsusing the complex embeddingmethod,it performs
much betterat all noiselevels.

3Assumewe have a union of two quadratichypersurfacesS1 and
S2 , de®nedby Q1 and Q2 . Supposethere exists an Q̂ such that the
stacked vector Q̂S is in the left null spaceof T (y 1 ; y 2 )

N
T (y 1 ; y 2 )

for some y 1 2 S1 and y 2 2 S2 . If Q1 = Q2 +
Q̂, then T (y 1 ; y 2 )T Q1T (y 1 ; y 2 ) = T (y 1 ; y 2)T Q2T (y 1 ; y 2) +
T (y 1 ; y 2)T Q̂T (y 1 ; y 2 ) = T (y 1 ; y 2)T Q2T (y 1 ; y 2 ). Thus, even
thoughthetwo pointsarefrom differentsurfaces,they bothhave thesame
mutualcontractionsup to a scale.However, all suchQ̂'s only consistof a
zero-measuresetof all symmetricmatrices.



Algorithm 2 (Segmentationvia Real Quadratic Embed-
ding).

1: for all correspondingimagepairs(x 1; x 2) do
2: Let y = [x T

1 ; x T
2 ]T .

3: Compute the quadratic homography embedding
� (y ) of order2n, its derivative,andit' sHessian.

4: end for
5: QS = argminc

cT A c
cT Bc .

6: for all y k do
7: Let p(y k ) = � (y k )T QS .
8: n k = r y p(y k ).
9: H k

y = H y (y k ).
10: end for
11: for all pair of points(y j ; y k ) do
12: Let T = [t 1; t 2; t 3; t 4] besetof vectorsthat form a

basisfor Null(n j ; n k ).
13: Let �Cj = T T H j

y T and �Ck = T T H k
y T.

14: Computethesimilarity matrix Sj k = h �C j ; �Ck i
k �C j kk �Ck k .

15: end for
16: Usethesimilarity matrix S to clusterthesamplesin n

groups.

Figure 5. Segmentationresultsusingthedatasetin Exam-
ple 3. (Left) Correctratesof the ®rst experiment. (Right)
Correctratesof thesecondexperiment.

3.4. ComplexversusRealEmbedding

We summarizethe differencebetweenthe complex bi-
linear embeddingandthe real quadraticembeddingasthe
following:

1. Noise-freecases.Bothmethodsgivethesame(correct)
solutionto the homographysegmentationproblemin
theabsenceof noise.

2. Determiningthe numbern of planes. The datama-
trix of a complex bilinear embeddinghasco-rank1
for the correctnumberof planes. However, for the
real quadraticembedding,the datamatrix in general
hasco-rankstrictly larger than one, which makes it
muchmoredif�cult to determinen eitherin theoryor
in practice.

3. Imposingconstraints on the multi-planehomography
matrix. In therealcase,it is easyto enforceadditional
constraintsonQS sothatit is realizableby realhomo-
graphies.In thecomplex case,in theorymany entries
of H S shouldberealasthe last rows of f ~H k g areall

real. Our currentalgorithm is unableto enforcethis
conditionasthenumericalcomputationall takesplace
in the complex domain. We believe this is the main
reasonthat the realquadraticembeddingoutperforms
thecomplex linearembedding.

4. Algorithm complexity. The complex bilinear embed-
ding methodis much simpler to implementthan the
quadraticcounterpart,andthecomplexity anddimen-
sionarebothmuchlower. Thequadraticmethodmay
not beableto handlea largenumberof planesdueto
thecomputerhardwarelimit, sayn > 4.

5. Accuracy. Fromoursimulationsandexperiments(next
section), the real quadraticembeddingconsistently
outperformsthecomplex bilinearembeddingprovided
thenumberof planesis known. Thealgorithmsgiven
in thepaperareatbestconceptual.Morerobustimple-
mentationof both approachesmay exist andit is left
for futureinvestigation.

4. Experiments

The�rst experimentis acontrolledsceneof acalibration
cubeanda checkerboardshown in Figure6. In total there
arethreeplanesin theimages.Betweenthetwo views, the
camera,thecubeandthecheckerboardall undergoindepen-
dentmotions. All featurepointsandtheir correspondence
arehand-pickedin Matlab. Theoutputfrom thetwo embed-
ding methodsis alsoshown in Figure6. Therealquadratic
embeddingmethodgivesbetterclassi�cationresult.

We also run the algorithmson noisy outdoor images.
Figure7 shows picturesof a building. We handpick the
cornerpointsof its windowson thethreesidesof thewalls.
In this dataset,the real quadraticembeddingmethodalso
outperformsthecomplex bilinearembeddingmethod.

5. Conclusions

In thispaper, wehaveprovidedandcomparedtwo differ-
entapproachesto solve theproblemof segmentinga piece-
wise planarscenefrom two perspective images. Our the-
oreticalanalysishasoffered tremendousmathematicalin-
sight to this problemandhasshown it is in principle pos-
sible to have an exact solution to the segmentationof a
piece-wiseplanarsceneintrinsically from two perspective
images. The conceptualalgorithmsderived from the the-
ory give satisfactory simulationand experimentalresults,
althoughmore robust techniquesstill needto be investi-
gatedin our futureresearch.
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