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Abstract

We study and comparetwo novel embeddingmethods
for sgmentingfeature points of piece-wiseplanar struc-
turesfrom two (uncalibratedperspectieimages.We shav
thatasetof differenthomographiesanbeembeddedh dif-
ferentwaysto a higherdimensionateal or complex space,
so that eachhomographycorrespondgo eithera comple
bilinearform or arealquadratidorm. Eachembeddinge-
vealsdifferentalgebraicpropertiesandrelationsof homo-
graphies.We give a closed-formsegmentationsolutionfor
eachcaseby utilizing thesepropertiesbasedon subspace-
segmentationrmethods.Thesetheoreticalresultsshow that
one can intrinsically sggment a piece-wiseplanar scene
from 2-D imageswithout explicitly performingary 3-D re-
construction. The resulting segmentationmay make sub-
sequent3-D reconstructiormuch betterconditioned. We
demonstratehe proposedmethodswith somecorvincing
experimentaresults.

1. Intr oduction

Piece-wiseplanar structuresare ubiquitousin both in-
door and outdoor man-madeernvironments. Given a se-
guenceof imagesand a set of tracked feature points of
a scene,mary problemsassociatedvith the task of re-
constructingthe 3-D motion and structurefrom the image
sequencecan be signi cantly simplied or made better
conditionedif we know which subsetof pointsbelongto
the sameplanein 3-D. For instancethe classical'x-point”
algorithmsbecomeéill-conditionedwhenthey happerto be
appliedto coplanarfeatures,and it is thereforevery im-
portantto know in advancewhich subsetf featuresare
coplanar In addition, it is well-known to practitionersof
multiple-view geometrythat knowing someplanesin 3-D
(andtheirhomographiesnaygreatlyfacilitatemary recon-
structionproblemssuchastheprojective-to-afne strati ca-
tion [4], structurefrom motion[3], cameraself-calibration
[12,18],widebaselinanatchindg8], planarparallax/5], and
the studyof dynamicalscene$10], justto namea few.

However, without rst performingthe 3-D reconstruc-

tion, how canwe determinewhich subsetof the features
arecoplanarin 3-D? This paperaimsto provide principled
answersandpracticalalgorithmsfor this problem.We will
shaw rigorouslythatit is possibleto sgmenta setof corre-
spondingieaturedrom two perspectie views into coplanar
subsetswithout explicitly performing3-D reconstruction.
Noticethat, we do not assumehatthe scends static. The
planescanbe moving independentljrom oneanothewith
respecto thetwo viewsor they canbeall staticwith respect
to eachother For eithercase thereis alwaysa uni ed so-
lution to segmentthe featuresnto coplanarsubsets.More
preciselyin this papeme provide a solutionfor thefollow-
ing mathematicaproblem:

Problem (Homography Segmentation) Assumethat a
sceneis piece-wiseplanar Givena setof corresponding
feature points f (x¥; x§)gk_, from two perspective(cali-
brated or uncalibrated) views of the scene estimatethe
numberof planes,the homaraphyrelations,and sggment
the feature points basedon the 3-D planesto which they
belong

Relation to Previous Work. Despiteits practicalimpor-
tance, the above problem hasreceved relatively less at-
tention than other more generalimage/motionsegmenta-
tion problems[11]. This is probablybecausanost meth-
ods for segmentingrigid-body motions(i.e., fundamental
matrices)[14,17] do not directly apply to homographies.
Given an image sequencecommonstatisticalapproaches
have beenproposedo selectpoint setsfrom themostlikely
planesusingthe RANSAC method[1, 4,15] or otheritera-
tive schemeg7]. SinclairandBlake [9] introducedan ef-
fective projective planarinvariantto conductiocal searches
on theimagesfor ve coplanarpoints,andfurther predict
new imagepositionshasedntheir standardaleviations.Re-
cently, [13] discoveredthat the problemof segmentingin-
dependentlynoving planarobjectsis solvablealgebraically
basedon a complei cation of the homographymatrices
which essentiallyreduceghe problemto the sameasseg-
mentingfundamentamatrices.

Contrib utions of This Paper. In this paper we provide
an alternatve algebraicsolutionto homographysegmenta-
tion otherthanthesolutionbasedn complei cation given
by [13]. Thenew solutionexploits propertiesof the homo-



graphyexclusively in the real domain. By a comparatie
studyof the two solutionsin boththe comple« domainand
the real domain, we examine more thoroughlythe math-
ematicalpropertiesand algorithmicissuesassociatedvith
segmentingmultiple planarobjects,regardlesof their 3-D
motion(s). Furthermorejn orderto betterdealwith noise,
we proposea morerobustobjective functionfor estimating
themulti-planehomographyasedntheRayleighquotient
whichis bettersuitedfor sggmentatiorpurposesAlthough
we do not addresghe issuewith outliers, the result will
provideinsightfor the developmenif robusttechniquesn
the future. We conductextensie simulationsand experi-
mentson syntheticdataandrealimageso validatethe per
formanceof the proposedolutionsandalgorithms.

2. Homography Segmentationvia ComplexBi-
linear Embedding

We rst review the formulation of the complex homo-
graphyconstraintbasedon [13]. In particular we discuss
the geometridnterpretatiorof the inducedcomplec epipo-
lar lines and epipolesfrom the complex homographycon-
straint. We thenproposea new methodusing a Rayleigh
guotientto estimatethe complex multi-planehomayraphy,
which boostghe performanceén the presencef noise.

2.1 Complexi cation of Homography
Givena featurepoint X 2 R3 on a planein the space,

the imagepointsin the two views satisfy the homography
relationunderthe homogeneousoordinates:

2 3 2 32 3
X2 hipy hi hiz X1
Xo Hx1, 4y29=4hy hy hpdS4yd; (1)
1 hay hzx hss 1

whereH 2 R3® 2 is the homographymatrix. SinceH is
full rank,traditionalmotionseggmentatiormethodq14,17]
for thefundamentamatrix F , whichis of rank2, nolonger
apply to the sggmentationof homographiesHowever, we
may compleify the homographymatrix H asthe follow-

ing:

2 3

X2+ 1y2 hip + ih2r  hia + ihoz  his + ihos 4Xl5.

1 - hay hs2 has yf ’
wherei = p_1, andwe denotethecomplei ed H matrix
asi 2 C? 3. Denew, = ,}},, 2 C?andalso

considerx; 2 C2, thenwe rewrite (1) as the following
comple& bilinearconstraint:

WzFrxl = 0 2 Cl (2)

where denotegheHermitiantransposeThis constrainis
calledthe complex homaraphyconstaint.

1n this papertheoperator " means‘equalupto ascalaf

2.2 Complex Epipolar Line and Epipole

Noticethatjustlike thefundamentamatrix F , the com-
plex homographymatrix H is of rank2. Comparingequa-
tion (2) with the classicalepipolarconstraintx} Fx; = 0,
we cande ne asimilar concepbf the (left) comple epipo-
lar line:

r A w, 2C% 3)

which still satis esthe geometriccondition:I"x, = 0.

Now considera planeP in space.Assumewe have N
featurepointson P, andthey all obey thesamehomography
relationH . After the complexi cation of H andfx5gR., ,
they yield N (possibly) different complex epipolarlines
f¥g. Sincethe complex homographyH hasrank-2,there
existsavectore 2 C3 suchthat

He=0: (4)

If we further normalizee = [e1;e&;1]" by a comple
scalar thene becomesan imagepoint on a complex im-
ageplaneat distancel from the cameracenter According
to this de nition, for any complex epipolarline "in the rst
view, " e = 0. Thatis, e is theintersectiorof all complex
epipolarlines. e is calledthe complex epipoleassociated
to thehomographyH . In summarya homographyelation
associatesnecomple epipolarline to eachpair of feature
points,andall complex epipolarlinesintersectat the com-
plex epipoleof thehomography

2.3 Estimation of Multi-Plane Homography

Now assumeve know therearen differentplanarstruc-
turesin a scene. We now proposea new approachto es-
timate the complex multi-plane homographyand complex
epipolesfrom the imagedata. For noisy data,a signi cant
improvementn theaccurag will beachiezedby estimating
anoptimalseggmentatiomrmulti-planehomographyasecbn
theRayleighquotient.

Eachimagepair (x 1; w2) mustsatisfy

Y
(W,oHkx1) = O; )
k=1

sincethe image pair hasto satisfy one of the n different
homographyconstraints.(5) canbe written usingan nth-
degreeVeroneseembeddingof the complex data(x 1;w )

in abilinearform [13]:

n(wp) H (x1)=02C; (6)
where , : CK I CMx of degreen is de ned as
2201 (7)

andthedimensionof thecodomainv X = ("+K 1): The
matrix H is calledthe multi-planehomaraphymatrix.

nolzgnz T T [2) 2t



We further rewrite the bilinear equation(6) as the fol-

lowing linearform:
n(W2)  n(x1) H®=02C; ®)

where (W») n(X1) 2 CM:M: s the Kronecler
productof thetwo columnvectors (x1) and ,(w>), and
HS is the stacked versionof the matrix .

Whenwe have N pairsof imagepoints,andassumehe
modelnumbem is known, thematrixL, de ned by

2 (wi) a(x) 2. cMa M N

hasexactly a 1-dimensionaleft null spacespannedy the
vectordS. In otherwords,HS de nesan(M2 M2 1)
dimensionahyperplanewhich is the subspace&ontaining
all thedatavectorsof theform ,(wz)  n(X1), suchthat

L,HS=0 (9)

asillustratedin Figure1. In the presencef noise,alinear
least-squar€lLLS) solutionto HS is givenasthe singular
vectorof L , associateavith thesmallestsingularvalue.
However, the LLS solutionmight not be the onethatis
the bestfor sggmentation,so we presenta new approach
basedon the Rayleigh quotient[2], which will leadto a
bettermulti-planehomographyor segmentation.

Figure 1. H® de®nesahyperplandn theambientspace.
The normalevaluatedat eachpoint shouldbe at the same
direction.

ThematrixL, isafunctionofa ve-dimensionabector
[wy;x1]" 2 C5, andwe computethe gradientwith respect

resentinga multi-planehomographyconstraintfor onepair

of points:

@n(w5) @n(x]) .
@v> C ST

Thenthe whole matrix rL , hasthe dimensionof (M 2
M3 5 N.

Lo (k) = n(xX); n(wk)

Examplel Assume we have a pair of image
points x; = [x;y;z]" and w, = [u;v]". Then
the second degree data matrix Ly is  2(wy)

2(x1) = [uZuv;vi]T o [XZxy;xziy?yz 2]t =

[Ux?;u?xy;:::;uz%uvx?; i v?z?T 2 C8: o dts
gradientrL , 2 C18 5isgivenby
2 3 - 3
@12X2 @_12X2 @_12X2 2 2
g @ @ & ZZQZUX 0 2u£x 0 O g:
@222 @?z? @?2? 0 2vz2 0 0 2v%z
@ @ @
De ne
R .
A= La(K)Ln(k) ; B= ik n (KL (k) :
k=1 k=1

Thenthe multi-planehomographyttS that bestseggments
then planesminimizesthefollowing Rayleighquotient:

S = argmin
rgc ¢ Bc

(10)
A closed-formsolutionto this problemis givenasthe mini-
malgeneralizeaigervectorof thematrix pair (A ; B). Geo-
metrically, equation(10) aimsto obtainanoptimalsolution
of 1S in the presencef noise suchthatthesolutionsimul-
taneouslyminimize the model tting error and maximize
themodeldistancedetweerhomographiesAs we will see
from experimentsthe solutiongiven by the Rayleighquo-
tientoutperformsheLLS solution.

2.4. SegmentingMulti-Plane Homography

The fact that differenthomographiesormally resultin
different complex epipolesallows us to seggment feature
pointsfrom anunknavn numberof planarstructures.

For eachimagepair (xk; wk), its comple epipolarline
Tk is:

@Pn(XE)

S 2C%
@1

% n(wh) (11)

which satis esthepropertythatf, x% = 0.
If we know thereexist n differentplanarstructuresn the
scene eachstructureis associatedvith a complex epipole

r e)=o
k=1

(12)

Thenthe problemof segmentingfeaturepointsto different
homographiebecomes standardsubspacesegmentation
problemwith unknowvn subspaceormalsek; k=1;:::;n
A solutionto this problemhasbeensolvedin [13].

Remark 2 (Number of Planes) The above discussionas-
sumeghat we knowthe numbem of planar structues. We
havesereral solutionsto determinethis numberusingthe



rank conditionand the eigervaluesof the data matrix L ,,.
Theoetically, this numberis determinedy:

n= argminfrank(Ly,) = M2 M2 1g  (13)
m

asL, hasa one-dimensionahull spacefor the correctn.

In the presencef noise the following modelselectioncri-

terion[6] givesverygoodestimations:

2 0
. mg mz (Lm)
n = argmin gyt + M2 M2 (149

whee (L) is thekth singularvalueofL,, and > 0
is a smallweightingvalue

We outlinethe segmentatiorprocessasAlgorithm 1.

Algorithm 1 (Segmentationvia Complex Bilinear Em-
bedding).
1: Compleify x5 !

W, andnormalizethe datavectors

Nmax IS a presetmodel numberthreshold. Thenthe
numberof planarstructurescould be determinedrom
equation(14).

2: Minimize the following Rayleigh quotientto get the
multi-planehomographyS:

BS = agmin  —
rgc ¢ Bc

3: For eachpair of points (x; w¥), its corresponding

comple epipolarline is:

Tk n(ws

4: |dentify thepolynomialp, (T) = Qﬂzl (r ek) =0

5. fork=n:1do
6: Y, = armgmin
z2f Ty

(> 0is asmall positve numberchosento avoid
casesn which the denominatoror the numeratoris
zero.)

7. endfor

8: Segmenteachimagepair (x 1; w;) asfollows:

ipn(z)j
YIS .
Jek+1 Z) ]en zZj+ !

" Pn (Yi)

€k = WP (riK

class= agmin fI" exQ:
k=1;::n

Example 3 We conducttwo experimenton syntheticdata
to testthe performanceof the algorithm. In the r st exper
iment,the camen is xed, andtwo planesundego differ-
entrotationsand translationsin space(Figure 2 top). To
demonstatethe performanceof thealgorithmat difference

noiselevels, we add Gaussiannoise on the image points
after the perspectiveprojection. At eac noiselevel, the

experimentis repeatedl00 times. Theresultsin Figure 2

bottomshowthat the proposedRayleighquotientboosted
the performancdromtheoriginal LLS solution.

Figure 2. Top: Two independentlynoving planesn front
of acamera;Bottom: Classi®catiorrateversusnoiselevel
(left: Rayleighquotient;right: LLS).

Thesecondexperimentshowsthe sggmentationof three
xed planar structuesthat mimic a corridor: the camern
is moving badkward from the r st view to the secondone
(Figure 3 top). Figure 3 bottomshowsthe average clas-
si cation ratesusingthe RayleighquotientversusLLS at
differentnoiselevels.

Figure 3. Top: Two views of three®xedplanesn front of
amoving camera;Bottom: Classi®catiorrate versusnoise
level (left: Rayleighquotient;right: LLS).

3. Homography Segmentation via Real
Quadratic Embedding

3.1 Real Quadratic Form
In this sectionwe proposeamethodto embedhehomo-

graphyrelationinto a systemof quadraticpolynomialsin
therealdomain.



Recallthehomographyelationfor animagepairf x, =
[X1;¥1;21]" ;X2 = [X2;Y2;22]" g underhomogeneouso-
ordinatess

koHx, = 02 R3; (15)

wherek 2 R3 3 is a skew symmetricmatrix of x such
thatx z = %z forallz 2 R Sincerankk) = 2
for all nonzerovectors,the threeequationsn (15) are not
independentWe pick the rst two equationgo describehe
relation:

32 3
hi1 hi hiz X

4hy hyy hps®4y;9 =02 R%
hay hsx has  zg

0 Xx2 VY2
X2 0 Zy

(16)
We cannotsolvefor H by ary linearembeddingf (x 1; X 2)
usingthis constraintsincethe formsof thetwo rows of the
rst matrix are different. (The complei cation approach
we just describeds oneway to resohe this problem.)
However, thisrelationcanbedescribedy two quadratic
equationof theform:

2

xT-x HjT2R33 X1
v Hj 2 R® 8

02R® 3 X

h
wherej = 1;2. WesetH; =
i
h h h . . .
0 0 o0 .ltiseasytoverifythatthetwo quadratic
ha1 hsz  hgs

equationsare equivalentto the original homographycon-
straint(16). If we denotethe matrixin equation(17)asQ;,
andy = [x];x2]" 2 R®, thehomographyconstraintbe-
comes:

=0, (17)

|
h21 hza  has

hs: hz hg , Ha =
0 0 0

y'Qy=0
Noticethat(18)is notagenerafjuadratidorm sincethedi-
agonalblocksof Q; needto be zerosaccordingto equation
(17). Letfy;g®, bethesix entriesof y. Then,y " Q;y is
aspecialquadratidorm which only involvesmonomialsof
thetypey;y; withi 6 j.

j=L2 (18)

3.2 Real Quadratic Embedding

Given n homographiesn the scene,we have n pairs
(Q¥; Q). A pointy mustsatisfythefollowing constraint:

non \ 0
(y'Qfy=0 (y'Qsy=0) ; (19
k=1

T S
where meanslogical “and”, and meandogical “or”.
Applying De Morgan's law, we rewrite the abose equation
as
Vo
(y Q%y=0) (20)

k=1

where
guencesf 1 or 2 of lengthn. Thatis, y satis esa setof

tting polynomialsof theform:

¥ T Ak
py)= (y Q=0 (21)

k=1

Example 4 Assumaeve havetwo homaraphies:(Q3; Q3)
and (Q%;Q3%). Thenany y must satis es the follow-
ing four tting polynomials: (y"Qly)(yTQ3%y) = 0,
(yTQiy)(y'Q%y) = 0, (y'Qzy)(y'Qly) = 0, and
(Y Qay)(y'Q3y) = 0.

Sinceeachtermy ™ Qy only involvesmonomialsof the
typeyiy; withi 6 j, p (y) is aspecial2n-degreepolyno-
mial which containsmonomialsof thetypeyjy3?  yg®
suchthatn; nandn; + ny + + neg = 2n. For this
reasonwe considera partial Veroneseembedding:

De nition 5 (Real Quadratic Homography Embedding)
Thequadmatic homaraphyembeddingf degree2n is

n iy 2RETVLn iyl yRe T

nandn; + n, + + ng = 2n.

With this notation, we rewrite (21) as p (y) =

on(y)T QS = 0 for somecoefcient vector QS associ-
atedwith the monomials.To identify the coefcient vector
QS from acollectionof imagepairsfy* = (x¥;x¥)gk., ,
we solve QS from theleft null spaceof the following em-
beddedatamatrix:

YD 5 oanyV) (22)

Lon =

Thatis, L], Q% = 0.

However, aswe have demonstratedn Example4, the
choice of a tting polynomial is not unique. After the
guadratichomographyembedding,the lifted data points

2n (V) sit in a subspacef codimensionarger thanone,
unlike the comple bilinearembeddingcase. We illustrate
the situationwith two homographies$n Figure 4, in com-
parisonwith Figurel.

Similar to the complex casewe areableto segmentthe
datasetby decomposinghe polynomialsp (y). Froma
segmentationpoint of view, one generalpolynomialfrom
thenull spaceof L ,, is enoughto correctlyclassifythedata
points. In the presencef noise,we againusethe Rayleigh
quotientto nd themostdiscriminatingpolynomialfromall
thepolynomialsthat t the datasetwell:

T
S= in 23
Q agmin g (23)
where
. X\I T 5 T
A= Lon(K)L2n(k)'; B= rL oan(K)rL 2n (k)" :
k=1 k=1

This Rayleigh quotientseeksthe optimal solution of QS
which strikesa balancebetweenthe tting error of anim-
agepair to oneof thehomographiesndthe distanceto all
the other homographieso which the image pair doesnot
belong.



Figure 4. Anillustrationof adatasefrom two homogra-
phiesembeddedia therealquadratichomographyembed-
ding.

3.3 Segmentation

After the optimal QS is computedwe have obtaineda
tting polynomialp(y). In generalthe zerosetof p(y) is
aunionof quadratichypersurfacesy T Q¥y = 0g. Notice
that pointsthatlie on the samequadraticsurfacehave nor-
mal vectorswith differentdirections. Thuswe cannotsey-
mentquadraticsurfacesbasedon the rst orderderivatives
alone. We have to also considertheir secondderivatives,
i.e.,the Hessiamatrix H :2

Proposition 6 (Derivativesof a Fittin@ Polynomial)
Givena tting polynomialp(y) = E:l yTQ"y. If y
belongsto a quadratic surfaceS' parameterizedoy Q',
letp(y) g P(y) P (y); wheep/(y) = y'Q'y and
P(Y) = ke y'QXy. Then

ryply) =20 (y)Qy;
20 (y)Q + (Qly)(r yP (Y)T (24)
+HrypP (Y)(Qy)":

Noticethe rst termof Hy (y) is the scaledHessiarfor
the surfaceS', but the remainingtermsdependon deriva-
tivesof factorsfrom othersurfaces.This preventsus from
directly usingHessiarnto segmentthe datato differentsur
faces.

n
Hy(y)

De nition 7 (TangentMatrix) Givena pointy 2 R®, the
tangentmatrix T(y) 2 R® 5 is a matrix whosecolumns
form a basisfor the orthogonal complemento the space
spannedythenormaln at pointy.

Thetangenimatrix T is usedto eliminatethe crossterms
in (24).

De nition 8 (Contraction of Hessians) Given a point y,
thecontractionmatrixis de nedas

Cly) = T()THy(y)T(y)2R® % (25)

2To avoid the ambiguity betweerthe Hessianand homographymatri-
ces,theHessiarmatrix with respecto thevariabley is denotecasHy .

Proposition9 Givena quadratic surfaceSi representing
a homaraphyrelation parameterizedy Q' , for a pointy
onit, its contractionmatrix becomes

Cy)=20()TY)'QT(y)2R® °: (26

Now, we considerthe intersectionof the two tangent
spacesat the two pointsy, andy,, respectiely. De ne
T(Y1:Y2) = T(y)\ T(y,). In generalthe columnvec-
torsin T(y;Y») spana4-dimensionasubspace.

De nition 10 (Mutual Contraction) De ne the mutual
contraction for a pair of pointsy; andy, to be the pair
of contractions(C(y;Y2); C(y2: Y1) aty, andy, with
respecto T(Y;;Y,):

Cly1Y2) = TLY) Hy ()T LY (27)
Cy2:¥1) = TOV1iY2) T Hy (V) T(Y1iy2):  (28)

BothC(y;;y,) andC(y,;y4) are4 4 symmetrianatri-
ces.

The following theoremshaows that for a pair of points
(y1;¥2) onthe samequadraticsurface,their mutual con-
tractionmatricesareequalup to ascale.

Theorem11 For any two pointsy; andy, to be onthe
samequadratic surface we denoateC; = C(y;;y) and
Ck = C(Yk:Y;)- Thenthefollowing relationholds:

C; Ck2R*% (29)
whee means‘equal upto anonzeo scalar”.

Theoremll is a necessarput insufcient conditionfor
distinguishingbetweenpointson differentsurfaces. How-
ever, pointsfrom differentsurfaceshaving similar mutual
contractionmatricesis a zero-measurevent3 Hence,we
form asimilarity matrix S, suchthattheelement®of thema-

trix Sjk = kr(‘zcjlkikcckk'k whereh; i is thedot product. Then,
basedn the similarity matrix S, arny spectraklusteringal-
gorithms[16] will beableto segmentthedatainto different
homographies.

The overall procesof the proposednethodis outlined

in Algorithm 2.

Example 12 We run the samedatasetsn Example3 using
thereal quadaticembeddingnethod andtheresultsat dif-

ferentnoiselevelsare shownin Figure 5. Compaedto the
resultsusing the complex embeddingmethod,it performs
mud betterat all noiselevels.

3Assumewe have a union of two quadratichypersurficesS! and
S2, de®nedby Q' and Q2. Supposethere exists an @, suchthat the
stacled vector @S is in the left null spaceof T(y1;Y2) T(y1.Y2)
for somey,; 2 S!' andy, 2 S2. If QI = Q% +
Q. then T(y1;y2) QM T(Y1iy2) = T(1iy2)T Q¥T(y1iya) +

T(y1:Y2) T QT(Y1iY2) = T(y1y2)' Q¥T(y1;y,). Thus, even
thoughthetwo pointsarefrom differentsurfacesthey both have the same

mutualcontractiongip to a scale.However, all such@'s only consistof a
zero-measursetof all symmetricmatrices.



Algorithm 2 (Segmentationvia Real Quadratic Embed-
ding).
1: for all correspondingmagepairs(x 1;x2) do
2. Lety = [x1;xJ]".
3:  Compute the quadratic homography embedding
(y) of order2n, its derivative,andit' s Hessian.

4: endfor .

5: QS = argming &52.

6: forally, do

7. Letp(yy) = (vi)TQ°.
8 Nk =ryp(yy).

o Hy = Hy(yy):

10: endfor

11: for all pairof points(y;;yy) do
12:  LetT = [ty;ts;t3;t4] besetof vectorsthatform a
basisfor Null(n;;n).

13:  LetCj = TTH)T andC = TTHKT.

14:  Computethe similarity matrix Sy =

15: end for

16: Usethe similarity matrix S to clusterthe samplesn n
groups.

hCJ ;Cki
KC; KkCyk *

Figure 5. Segmentatiorresultsusingthedatasein Exam-
ple 3. (Left) Correctratesof the ®rst experiment. (Right)
Correctratesof the secondexperiment.

3.4. ComplexversusReal Embedding

We summarizethe differencebetweenthe comple bi-
linear embeddingandthe real quadraticembeddingasthe
following:

1. Noise-feecasesBothmethodgjivethesamgcorrect)
solutionto the homographysegmentationproblemin
theabsencef noise.

2. Determiningthe numbern of planes. The datama-
trix of a comple bilinear embeddinghas co-rank 1
for the correctnumberof planes. However, for the
real quadraticembedding the datamatrix in general
has co-rankstrictly larger than one, which makes it
muchmoredif cult to determinen eitherin theoryor
in practice.

3. Imposingconstaints on the multi-planehomaraphy
matrix. In therealcasejt is easyto enforceadditional
constrainton QS sothatit is realizableby realhomo-
graphies.In the complex case,n theorymary entries
of HS shouldberealasthe lastrows of f F g areall

real. Our currentalgorithmis unableto enforcethis

conditionasthenumericalcomputatiorall takesplace
in the complex domain. We believe this is the main

reasonthatthe real quadraticembeddingoutperforms
thecomple linearembedding.

4. Algorithm compleity. The complec bilinear embed-
ding methodis much simplerto implementthan the
guadraticcounterpartandthe compleity anddimen-
sionarebothmuchlower. The quadraticnethodmay
not be ableto handlea large numberof planesdueto
thecomputethardwarelimit, sayn > 4.

5. Accuracy. Fromoursimulationsandexperimentgnext
section), the real quadraticembeddingconsistently
outperformghe comple bilinearembeddingrovided
the numberof planesis known. The algorithmsgiven
in thepaperareatbestconceptualMore robustimple-
mentationof both approachesnay exist andit is left
for futureinvestigation.

4. Experiments

The rst experimentis a controlledsceneof acalibration
cubeanda checlerboardshown in Figure6. In total there
arethreeplanesin theimages.Betweenthe two views, the
camerathecubeandthecheclerboardall undegoindepen-
dentmotions. All featurepointsandtheir correspondence
arehand-picledin Matlah Theoutputfrom thetwo embed-
ding methodss alsoshawvn in Figure6. Therealquadratic
embeddingnethodgivesbetterclassi cationresult.

We also run the algorithmson noisy outdoorimages.
Figure 7 shaws picturesof a building. We handpick the
cornerpointsof its windows on the threesidesof thewalls.
In this datasetthe real quadraticembeddingmethodalso
outperformghe comple bilinearembeddingnethod.

5. Conclusions

In thispaperwe have providedandcomparedwo differ-
entapproacheto solve the problemof seggmentinga piece-
wise planarscenefrom two perspectie images. Our the-
oretical analysishas offered tremendousnathematicaln-
sightto this problemandhasshaown it is in principle pos-
sible to have an exact solution to the segmentationof a
piece-wiseplanarsceneintrinsically from two perspectie
images. The conceptuaklgorithmsderived from the the-
ory give satistctory simulationand experimentalresults,
althoughmore robust techniquesstill needto be investi-
gatedin ourfutureresearch.
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