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ABSTRACT

Weproposeamixtureof multiplelinearmodels,alsoknown
ashybrid linearmodel,for asparserepresentationof anim-
age.This is a generalizationof theconventionalKarhunen-
Loevetransform(KLT) orprincipalcomponentanalysis(PCA).
We provide an algebraicalgorithm basedon generalized
principal componentanalysis(GPCA) that gives a global
andnon-iterative solution to the identi�cation of a hybrid
linear modelfor any given image. We demonstratetheef-
�ciency of theproposedhybridlinearmodelby experiments
andcomparisonwith othertransformssuchastheKLT, DCT,
andwavelettransforms.Suchanef�cient representationcan
be very useful for later stagesof imageprocessing,espe-
cially in applicationssuchasimagesegmentationandimage
compression.

1. INTRODUCTION
In imageprocessing,oneoften seeksa moreef�cient rep-
resentationfor a digital imagethan the pixel-basedrepre-
sentation. A typical approachis to divide the imageinto
a setof blocks. If thereis strongstatisticalcorrelationbe-
tweentheblocks,they canberepresentedasthesuperposi-
tion of a muchsmallernumberof components,alsoknown
as the sparsecomponents[17]. Traditionalapproachesto
representingan image by a different basisinclude using
thediscreteFourier transform(DFT) or thediscretecosine
transform(DCT). A major drawback for thesetransforms
is that, despitesigni�cantly differentstatisticsin different
images,the basesof thesetransformsare �x ed. So there
are reasonsto believe that a more ef�cient representation
canbeachievedwith theso-calledadaptivebasis[20]. One
methodto obtainsuchanadaptivebasisis via theKarhunen-
Loevetransform(KLT), alsoknown asprincipalcomponent
analysis(PCA) in machinelearning. If a setof (random)
vectorsobey a commonsecond-orderstatisticalmodel,the
basis(or the linear model) identi�ed by theKLT is in fact
optimal [10, 23]. But it will lose its optimality if a single
imagecontainsregionswith signi�cantly differenttextures
thatcannotbedescribedby asinglelinearstatisticalmodel,
which is, unfortunately, typically thecasefor a genericim-
age.

This bringsup thefundamentalproblemthat this paper
is aboutto address:How canwe simultaneouslysegment
the imageinto different regions and estimatean adaptive
basisfor eachregion? That is, to �t a mixture of linear
models,alsoknown ashybrid linear model, to the image,
but without knowing a priori how many linear modelsto
use,thedimensionof eachmodel,or which modelapplies
to whichblocks.

In the machinelearning literature, the problemof si-
multaneouslyestimatinga mixtureof modelsandsegment-

ing data into respective modelswas usually resolved via
an incrementalschemethat iteratesbetweensegmentation
and estimation,e.g., the expectationmaximization(EM)
method. It hasonly recentlybeendiscoveredthat a non-
iterative and global solution, called generalizedprincipal
componentanalysis(GPCA) [24, 13], exists for the seg-
mentationandestimationof hybrid linearmodels.Theidea
that imagesegmentationmay improve imagecompression
is not new. However, we believe that GPCA is a method
that canseamlesslycombinethesetwo key componentsin
imageprocessing.It offers thenew capabilityto represent
differentimageregionswith differentcolorsandtexturesby
differentlinearmodelswith differentlinearbases.
Relation to prior work. Thereis a vastamountof liter-
atureon �nding adaptive bases(or transforms)for signals.
Adaptive wavelet transformsandadaptedwavelet packets
havebeenextensively studied[4, 20, 15, 6, 18]. Theideais
to searchfor anoptimaltransformfrom a limited (although
large) set of possibletransforms. Another approachis to
�nd someuniversaloptimal transformbasedon thesignals
[10, 19, 6]. Spatiallyadaptedbaseshave alsobeendevel-
opedsuchas[2, 21, 16]. The main purposeof this paper
is to show that an adaptive basisbasedon a singlemodel
(suchasthe KLT andPCA) is not necessarilyoptimal for
an ef�cient imagerepresentation,andhybrid modelsmay
beamuchbetterchoice.

Thenotionof a mixtureof linearmodelsandbasesfor
imagerepresentationis closelyrelatedto thesparsecompo-
nentanalysis[17]. Thatis to identifyasetof non-orthogonal
basevectorsfor naturalimagessuchthattherepresentation
of the imagesis sparse.In the relatedwork of [3, 11, 12,
8, 22], the main goal is to �nd a mixture of modelssuch
that the signalscan be decomposedinto multiple models
andtheir overall representationis sparse.In thatapproach,
thesignalsareexpressedasa linearsuperpositionof all the
modelswhile, in this paper, the signalswill be segmented
to mutuallyexclusivegroups,anda sparserepresentationis
foundfor eachgroup.

Imagesegmentationbasedonlocalcolorandtexturein-
formationextractedfrom various�lter bankshasbeenstud-
iedextensively in thecomputervisionliterature(e.g.,[1, 14,
7]). Sincethe MPEG-4have startedto incorporatetexture
segmentation[9], we expect that the conceptand method
introducedin this paperwill be usefulfor developingnew
imageandvideoprocessingtechniques.

2. REPRESENTATION OF AN IMA GE WITH A
HYBRID LINEAR MODEL

In this section,we introducethe notion of hybrid linear
modelsfor images. Normally, we divide a digital image



I into a set of, say N , non-overlapping1 equal-sizel � l
blocks,that is, I = [ N

j =1 B i . Denotethe numberof color
channelsof theimageto bec. For grayscaleimagesc = 1,
andfor color imagesc = 3 (i.e., RGB, HSV, or YCbCr).
ThenwemayrepresenteachblockB by avectorx thatcol-
lectsthepixel values,andthedimensionof thevectorx is
K = cl2.

Aswehavecontendedin theintroduction,asinglelinear
modelhasits limitations whenappliedto a genericimage
which oftenconsistsof regionswith signi�cantly different
textures. However, it is reasonableto assumethat a lin-
earmodelis still valid at leastfor eachregion, if we know
how to segmentthe imageinto suchregions. That is, we
assumethat the imageblockscanbe segmentedinto mul-
tiple groups:X = [ n

i =1 X i , andfor eachgroupX i there
exists a basisB i = f bij gk i

j =1 suchthat x =
P k i

j =1 � j bij ,
if x 2 X i . We denotethe subspacespannedby the basis
B i by Si

:= span(B i ), i = 1; 2; : : : ; n. Let ki be the di-
mensionof Si andk thedimensionof span([ n

i =1 Si ). Then
theaveragenumberof componentsperblockneededfor the
hybrid representation,1N (k1N1 + � � � + kn Nn ),2 would in
generalbemuchlessthanthek componentsif a singlelin-
earmodelis usedinstead.3 Sucha hybrid linearmodelcan
beintuitively illustratedby Fig. 1.

3

xl

l xl

S1

1
2

3

Stack

x

GPCA

R
K

S2

S

l

Fig. 1. The representationof an l � l color imageblock. The
pixelswith threecolor channelsare�rst stackedasa singlevector
x of dimensionK = 3l2 . Thehybridlinearmodelassumesthatall
thesevectorslie in theunionof multiplesubspacesS1 ; S2 ; : : : ; Sn

of dimensionk1 ; k2 ; : : : ; kn , respectively, in RK .

Thereareseveraldif�culties in identifyingsuchahybrid
linearmodelfor an image:1. We do not know thenumber
of linear subspacesn; 2. We do not know thebasisB i or
even the dimensionki of eachlinear subspace;3. We do
notknow whichblocksx belongto whichgroupX i ; and4.
Thesubspacesspannedby differentbasesmight have non-
trivial intersection.Fortunately, theseareexactly the type
of problemsthatGPCAis designedto solve [24, 13].

3. IDENTIFYING HYBRID LINEAR MODELS VIA
GPCA

In this section,we will give a brief introductionto the es-
timationof a hybrid linearmodel,andoutline theessential
ideasof GPCA.Theinterestedreadersmayreferto [24] and
[13] for all thetechnicaldetails.

1Thenon-overlappingassumptioncanberelaxed for pixel-wiseimage
segmentation.

2HereN i = jX i j is thenumberof elementsin thegroupX i .
3The overheadof book keepingthe extra basevectorsandthe mem-

bershipof eachgroup is negligible as long as N is very large and n is
relatively small.

A subspaceSi � RK of dimensionki , where0 < ki <
K , canberepresentedwith K � ki polynomialsof degree
one(linearequations)of theform Si =

�
x 2 RK : C T

i x =

0 ,
V K � k i

j =1 (cT
ij x = 0)

	
whereC i

:= [ci 1; : : : ; ci (K � k i ) ] 2
RK � (K � k i ) is abasisfor theorthogonalcomplementof Si ,
S?

i . Similarly, a mixture of n subspacesf Si � RK gn
i =1

canalsoberepresentedasthezerosof asetof homogeneous
polynomials.Thatis,

Wn
i =1 (x 2 Si ) ,

Wn
i =1

V K � k i
j =1 (cT

ij x =
0) ,

V
�

Wn
i =1 (cT

i� ( i ) x = 0); wherethe right handside
(RHS) is obtainedby exchangingandsand ors using De
Morgan's laws, and� representsa particularchoiceof one
normalvectorci� ( i ) from eachbasisC i . Notice thateach
oneof the

Q n
i =1 (K � ki ) equationsin the RHS is of the

form
n_

i =1

(cT
i � ( i ) x = 0) ,

nY

i =1

(cT
i � ( i ) x ) := pn� (x ) = 0; (1)

which is simply a homogeneouspolynomialof degreen in
K variablesthat is factorizableinto a productof n linear

formsin x . Therearein total M n =
�

n + K � 1
n

�
mono-

mialsof degreen in K variables.Therefore,we canwrite
eachoneof thosepolynomialsasa linearcombinationof a
vectorof coef�cients � n 2 RM n as

pn (x ) = � T
n � n (x ) =

X

n 1 + ��� + n K = n

� n 1 ;::: ;n K xn 1
1 � � � xn K

K ; (2)

where� n (x ) 2 RM n is theVeroneseembeddingof degree
n.

Thenwe havethefollowing key resultsfrom theGPCA
method[24].
Theorem1 (Algebraic GPCA) A collectionofn subspaces
canbedescribedas thesetof pointssatisfyinga setof ho-
mogeneouspolynomialsof theform p(x ) =

Q n
i =1 (cT

i x ) =
� T � n (x ) = 0, where ci 2 RK is a normal vector to the
i th subspaceSi . Whenn is knownand a suf�cient num-
ber of pointsf x i gN

i =1 are givenon thesubspaces,onecan
estimateall such polynomialsfromthenull-spaceof theem-
beddeddatamatrix L n = [� n (x 1); : : : ; � n (x N )]T , andthe
normalvectors f ci g to thei th subspacefromthederivative
of the polynomialsf p(x )g, f Dp(x )g, at a point x = x i
in the i th subspace. Thedimensionof the i th subspaceis
obtainedaski = K � rank(spanpDp(x i )) .
Example 1 Imaginewearegivendatain R3 drawnfromtheline
S1 = f x : x1 = x2 = 0g andtheplaneS2 = f x : x3 = 0g, as
shownin Fig. 2. Wecandescribetheentiredatasetas: S1 [ S2 =
f x : (x1 = x2 = 0) _ (x3 = 0)g = f x : (x1x3 = 0) ^ (x2x3 =
0)g: Therefore, themixture of subspacesis in this casedescribed
by the polynomialsp1(x ) = x1x3 and p2(x ) = x2x3 , both of
degree2. Let P (x ) = [p1(x ); p2(x )]. Thenthe derivativesof
P (x ) at pointsy 1 = [0; 0; 1]T 2 S1 andy 2 = [1; 1; 0]T 2 S2

are:

D P(x ) =

2

4
x3 0
0 x3

x1 x2

3

5 ) D P(y 1) =

2

4
1 0
0 1
0 0

3

5 ; D P(y 2) =

2

4
0 0
0 0
1 1

3

5 :

ThenthecolumnsofD P(y 1) spanS?
1 andthecolumnsofD P(y 2)

spanS?
2 (seeFig. 2). Subsequently, thedimensionof theline can

beretrievedask1 = 3 � rank(D P(y 1)) = 1, andthedimension
of theplaneis k2 = 3 � rank(D P(y 2)) = 2.
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Fig. 2. Datasamplesdrawn from a mixtureof oneplaneandone
line in R3 . Arrows arenormalvectors.

Theabovetheoremsuggestsaverysimpleandeffective
schemefor estimatinga hybrid linearmodelfrom thedata
set. However, �rstly , sincethe numbern of subspaces(or
linear models)is also unknown, we do not know the cor-
rectdegreeof theVeroneseembedding.Secondly, the real
datasetfrom theexperimentswill not benoisefree,hence,
like in theKLT andPCA,thelinearalgebraicmodelshould
be chosenasthe onewith the highest�delity to the noisy
data.Fortunately, thesetwo problemscanberesolvedby a
recursiveand robustversionof theabove algebraicGPCA
algorithm[13]. It can both toleratenoisein the dataand
handleoutliers.

4. IMPLEMENT ATION AND EXPERIMENT AL
VERIFICA TION

In principle, onemay usethe GPCA methodto identify a
hybrid linear model for an image. However, a dif�culty
associatedwith directly applyingtheGPCA methodto the
block vectorsis that their dimensionK is very large. Even
for 8� 8 blocksof agrayscaleimage,K = 64is alreadytoo
largefor theVeronesemapto be implementedon a typical
computer. Therefore,beforeapplyingGPCA,weshouldre-
ducethedimensionalityby projectingthedataontoalower-
dimensionalsubspace.Theoretically, whenthe largestdi-
mensionof thesubspaces,denotedby kmax , is known, one
may choosea (kmax + 1)-dimensional(af�ne) subspaceP
suchthat,by projectingRK ontothis subspace:

� P : x 2 RK 7! x 0 = � P (x ) 2 P:
TheresultingP givesa“minimum” representationthatpre-
servesthemultilinearstructureof theoriginaldata.

For therestof theexperiments,we�rst applyPCAto re-
ducethedimensionof thevectorsandthenperformGPCA
ontheir(projected)new coordinates.4 TheresultsfromGPCA
will beamixtureof linearsubspacesandeachsubspacecon-
tainsagroupof imageblocksexpressedasthesuperposition
of its basis.

4.1. Hybrid linear modeland segmentation
Fig. 3 shows the resultof applying the GPCA methodto
thestandard512� 512Barbaraimage.Thetotalnumberof
blocksis N = 4096. Theseblocksaresegmentedautomat-
ically by GPCA into threegroupsasshown in Fig. 3. We
canfurtherimprovethebasisof eachsubspaceby applying
PCAto only theimageblocksof eachgroup.Fig. 4 displays

4In our currentimplementation,dueto thehardwarelimitation, thedi-
mensionfor the initial PCA is chosento be � 12. Furthermore,we can
only sample2000 blocks from the whole imageto computethe hybrid
modelandthenprojecttherestblocksontotheir closestsubspaces.

Fig. 3. Thesegmentationof the4096imageblocksfrom theBar-
baraimage.Theimage(left) is segmentedinto threegroups(right
three). Roughlyspeaking,the �rst groupcontainsmostly image
blocks with homogeneoustextures; the secondand third groups
containblockswith texturesof differentspatialorientationsand
frequencies.

thethreebasesfor thethreegroupsshown in Fig. 3, respec-
tively. It is worth noticingthat thesebasesarevery consis-
tentwith the texturesof the imageblocksin the respective
groups.Therefore,theproposedhybrid linearmodelcanbe

Fig. 4. Thethreebasesfor thethreegroupsin Fig. 3, respectively.
The numberof basevectorsfor eachgroupis determinedby the
GPCAmethodasthedimensionof eachlinearmodel.

easilyextendedto pixel-wisetexture-basedimagesegmen-
tation.Theinterestedreadermayreferto [13].

4.2. Imagecompression
In additionto imagesegmentation,thehybrid linearmodel
offersaveryef�cient representationof theimagethatis use-
ful for later stagesof imageprocessing,especiallyimage
compression.In thissection,wecompareGPCAwith other
popular transformsfor imagecompression. Thesetrans-
forms arethe DCT, KLT (or PCA), andthe wavelet trans-
forms. For simplicity andclarity, thecomparisondoesnot
includeany quantizationor entropy encodingof thecoef�-
cientsof eachtransform.5 The resultsclearly demonstrate
thesuperioref�ciency of GPCAoverany single-modeltrans-
forms (i.e., the �x ed-basisDCT andtheadaptive KLT), as
well as reveal the relative position of GPCA againstthe
multi-resolutionwavelettransforms.6

We usethe Babooncolor image(Fig. 5 left). For the
wavelet transforms,we selecttwo �lters: one is the sim-
plest,thelevel-2Haartransform,andtheotheris morecom-
monly used(e.g.,in JPEG-2000),the level-4 bior4.4trans-
form [5]. Both areavailablein theMatlabwavelettoolbox.
For all thetransforms,we keep24nonzerocomponentsper
8 � 8 imageblock(thatis, 8 percolorchannel).7 Theresult
is shown in Fig. 5.

5For suchtopics,we referthereaderto theliterature,e.g.,[10].
6Notethatthewavelettransformsarenot in theclassof transformations

with a �x edblock-size.Therefore,thecomparisonwould not befair.
7For GPCA,24 is theupperboundfor theaveragenumberof compo-

nentsperblock,seeSection2.



Fig. 5. ThePSNRversusthenumberof componentsfor theDCT,
KLT, wavelets(level-2 Haarandlevel-4 bior4.4),andGPCA for
approximatingtheBaboonimage(shown on theleft).

From the �gure, we notethat, the GPCA-basedhybrid
linearmodelincreasesthePSNRof theKLT by about1dB,
but thebior4.4wavelethasa PSNRabout1dB higherthan
GPCA. The differenceis ratherconsistentwhenthe num-
ber of componentsis increased.We have also conducted
similar experimentson many otherclassicalgrayscaleand
color images,andtheresultsaresimilar. As conclusion,the
GPCA-basedhybrid linear model is indeedmoreef�cient
than the supposedlyoptimal KLT (or PCA) amongtrans-
forms with a �x ed block-size;its performanceis actually
comparableto that of a moderatemulti-resolutionwavelet
transform.

5. CONCLUSIONS
In this paper, we contendthat hybrid linear modelsoffer
a morepowerful modelingparadigmfor a sparserepresen-
tation of imagesthan the conventionalsingle linear mod-
els (i.e., the KLT andPCA); we have shown that thereis
a global and non-iterative solution to the identi�cation of
hybrid linearmodelsbasedonsimplelinearandpolynomial
algebraictechniques;wehavedemonstratedby experiments
andcomparisonwith otherrepresentationssuchastheDCT,
KLT, and wavelet transformsthe ef�ciency of the hybrid
linearrepresentationsof images.Therefore,we believethat
thehybrid linearmodelscanprovideef�cient sparserepre-
sentationsof imagesfor later stagesof imageprocessing,
especiallyin applicationssuchasimagesegmentationand
compression.
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