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ABSTRACT

We proposea mixtureof multiple linearmodels alsoknown
ashybridlinearmodel,for asparseepresentationf anim-
age.Thisis ageneralizatiorof the conventionalKarhunen-

Loevetransform(KLT) or principalcomponenganalysigPCA).

We provide an algebraicalgorithm basedon generalized
principal componentanalysis(GPCA) that gives a global
and non-iteratve solutionto the identi cation of a hybrid
linear modelfor ary givenimage. We demonstratéhe ef-
ciency of theproposedybridlinearmodelby experiments
andcomparisomwith othertransformsuchastheKLT, DCT,
andwavelettransforms Suchanef cient representationan
be very useful for later stagesof imageprocessinggspe-
cially in applicationsuchasimagesegmentatiorandimage
compression.

1. INTRODUCTION

In imageprocessingpne often seeksa more ef cient rep-
resentatiorfor a digital imagethan the pixel-basedepre-
sentation. A typical approachis to divide the imageinto
a setof blocks. If thereis strongstatisticalcorrelationbe-
tweentheblocks,they canberepresentedsthe superposi-
tion of amuchsmallernumberof componentsalsoknown
asthe spaise component$17]. Traditionalapproacheso
representingan image by a different basisinclude using
the discreteFouriertransform(DFT) or the discretecosine
transform(DCT). A major dravback for thesetransforms
is that, despitesigni cantly differentstatisticsin different
images,the basesof thesetransformsare x ed. Sothere
arereasondo believe that a more ef cient representation
canbeachievedwith the so-calledadaptivebasis[20]. One
methodo obtainsuchanadaptve basisis viatheKarhunen-
Loevetransform(KLT), alsoknown asprincipalcomponent
analysis(PCA) in machinelearning. If a setof (random)
vectorsobey a commonsecond-ordestatisticalmodel,the
basis(or the linear model)identi ed by theKLT is in fact
optimal[10, 23]. Butit will loseits optimality if a single
imagecontainsregionswith signi cantly differenttextures
thatcannotbedescribedy asinglelinearstatisticaimodel,
whichis, unfortunatelytypically the casefor a genericim-
age.
This bringsup the fundamentaproblemthatthis paper
is aboutto address:How canwe simultaneouslysegment
the imageinto different regions and estimatean adaptve
basisfor eachregion? Thatis, to t a mixture of linear
models,alsoknown as hybrid linear mode| to the image,
but without knowing a priori how mary linear modelsto
use,the dimensionof eachmodel,or which modelapplies
to which blocks.

In the machinelearningliterature, the problem of si-
multaneouslyestimatinga mixture of modelsandsegment-

ing datainto respectie modelswas usually resolhed via
an incrementakchemehat iteratesbetweensegmentation
and estimation, e.g., the expectationmaximization (EM)
method. It hasonly recentlybeendiscoveredthat a non-
iterative and global solution, called generalizedprincipal
componentanalysis(GPCA) [24, 13|, exists for the seay-
mentationandestimationof hybridlinearmodels.Theidea
thatimagesegmentationmay improve imagecompression
is not newv. However, we believe that GPCA is a method
that canseamlesslyombinethesetwo key componentsn
imageprocessing.It offersthe new capabilityto represent
differentimageregionswith differentcolorsandtexturesby
differentlinearmodelswith differentlinearbases.

Relation to prior work. Thereis a vastamountof liter-
atureon nding adaptve basegor transforms)or signals.
Adaptive wavelet transformsand adaptedwavelet paclets
have beenextensvely studied[4, 20, 15, 6, 18]. Theideais
to searchHor anoptimaltransformfrom alimited (although
large) set of possibletransforms. Another approachis to
nd someuniversaloptimaltransformbasedon the signals
[10, 19, 6]. Spatiallyadaptecbaseshave alsobeendevel-
opedsuchas|2, 21, 16]. The main purposeof this paper
is to shawv that an adaptie basisbasedon a single model
(suchasthe KLT and PCA) is not necessarilyoptimal for
an ef cient imagerepresentationand hybrid modelsmay
beamuchbetterchoice.

The notion of a mixture of linear modelsandbasedor
imagerepresentatiois closelyrelatedto thesparsecompo-
nentanalysig17]. Thatistoidentify asetof non-orthogonal
basevectorsfor naturalimagessuchthatthe representation
of the imagesis sparse.In the relatedwork of [3, 11, 12,
8, 22, the main goalis to nd a mixture of modelssuch
that the signalscan be decomposednto multiple models
andtheir overall representatioiis sparse.In thatapproach,
the signalsareexpressedsa linear superpositiorof all the
modelswhile, in this paper the signalswill be sggmented
to mutually exclusive groups,anda sparseepresentatiois
foundfor eachgroup.

Imageseggmentatiorbasednlocal color andtexturein-
formationextractedfrom various Iter bankshasbeenstud-
ied extensiely in thecomputewisionliterature(e.g.,[1, 14,
7]). Sincethe MPEG-4have startedto incorporatetexture
segmentation[9], we expectthat the conceptand method
introducedin this paperwill be usefulfor developingnewn
imageandvideo processingechniques.

2. REPRESENTATION OF AN IMAGE WITH A
HYBRID LINEAR MODEL

In this section,we introducethe notion of hybrid linear
modelsfor images. Normally, we divide a digital image



| into a setof, sayN, non-overlapping equal-size |
blocks, thatis, | = [J-N:l B;. Denotethe numberof color
channelf theimageto be c. For grayscalemagesc = 1,
andfor colorimagesc = 3 (i.e., RGB, HSV, or YCbCr).
Thenwe mayrepreseneachblockB by avectorx thatcol-
Iectsthtza pixel values,andthe dimensionof the vectorx is
K = cl-.

Aswe have contendedh theintroduction,asinglelinear
modelhasits limitations whenappliedto a genericimage
which often consistsof regionswith signi cantly different
textures. However, it is reasonabldo assumethat a lin-
earmodelis still valid at leastfor eachregion, if we know
how to sggmentthe imageinto suchregions. Thatis, we
assumehat the imageblocks canbe sggmentedinto mul-
tiple groups:X = [[; X i, andfor eachgrclx_ypx i there
existsabasisB; = fbj g}‘;l suchthatx = }“:1 i b,
if x 2 X . We denotethe subspacepannedy the basis

mensionof S; andk thedimensionof sparf[ [; Si). Then
theaverage numberof componentperblock neededor the
hybrid representationNi(klNl + + knNp),2 wouldin
generabe muchlessthanthek componentsf asinglelin-
earmodelis usedinsteac® Sucha hybrid linearmodelcan
beintuitively illustratedby Fig. 1.
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Fig. 1. Therepresentatiomf anl | color imageblock. The
pixelswith threecolor channelsre rst stacledasasinglevector
x of dimensiork = 312, Thehybridlinearmodelassumethatall
thesevectordlie in theunionof multiple subspaceSi; Sz;:::; Sn

of dimensiorks ; k2; :: 1 ; kn , respectiely, in R¥ .

Thereareseveraldif culties in identifyingsuchahybrid
linearmodelfor animage: 1. We do not know the number
of linear subspaces; 2. We do not know the basisB ; or
eventhe dimensionk; of eachlinear subspace3. We do
notknow whichblocksx belongto whichgroupX ;; and4.
The subspacespannedy differentbasesmight have non-
trivial intersection. Fortunately theseare exactly the type
of problemsthatGPCAIis designedo solve [24, 13].

3. IDENTIFYING HYBRID LINEAR MODELS VIA
GPCA

In this section,we will give a brief introductionto the es-
timation of a hybrid linearmodel,andoutline the essential
ideasof GPCA.Theinterestedeadersnayreferto [24] and
[13] for all thetechnicaldetails.

1The non-arerlappingassumptiorcanbe relaved for pixel-wiseimage
segmentation.

2HereN; = jX ;j is thenumberof elementsn thegroupX ;.

3The overheadof book keepingthe extra basevectorsand the mem-
bershipof eachgroupis negligible aslong asN is very large andn is
relatvely small.

A subspacs; RK of dimensiork;, where0 < k; <
K, canberepresenteavith K k; polynomialsof degree
one(linearequationspf theformS; = x 2 RK: Cx =
0, ]-K:lk‘ (c{x = 0) whereC; = [Ci1;:::;Cik k]2
RK (K ki) jsabasisfor theorthogonacomplemenbf S;,
S? . Similarly, a mixture of n subspace$S; RK g,

canalsoberepresenWsthezerosof a%tof tv)mogeneous
n

ponno\rpia\IE[Thatis, Lx2s), L szl ki (cf x =
0, i”:l (ciT X = 0); wherethe right handside
(RHS) is obtainedby exchangingandsand ors using De
Morgan'slaws,and represents particularchoiceof one
normalvec@rci (iy from eachbasisC;. Noticethateach
one of the i”:l (K ki) equationsn the RHS is of the
forn?1

n ¥ .
(cl X =0), (cl X)) =pn (x)=0; (1)
i=1 i=1
which is simply a homogeneoupolynomialof degreen in
K variablesthat is factorizableinto a productof n linear

formsin x. ThereareintotalM, = "~ }; 1 mono-

mials of degreen in K variables.Therefore we canwrite
eachoneof thosepolynomialsasa linear combinationof a
vectorof coefcients ZXR'\"n as
P(X)= 1 n(x)=
ni+ +ng=n
where ,(x) 2 RM» is the Veroneseembeddingf degree
n.

x5 (2)

ni
nising X1

Thenwe have thefollowing key resultsfrom the GPCA

method[24].
Theorem 1 (Algebraic GPCA) Acollectionofn subspaces
canbedescribedasthe setof points satisfy'@ga setof ho-
maogeneougpolynomialsof theformp(x) = inzl (cfx) =

T 2(x) = 0, wheec; 2 RK is anormalvectorto the
ith subspace5;. Whenn is knownand a sufcient num-
ber of pointsfx; g\, are givenon the subspacesynecan
estimateall suc polynomialdromthenull-spaceoftheem-

normalvectosf c; g to theith subspacdéromthe derivative
of the polynomialsf p(x)g, f Dp(x)g, at a pointx = Xx;

in the ith subspace The dimensionof the ith subspaces

obtainedask; = K rank(span,Dp(xi)).

Example 1 Imaginewearegivendatain R® drawnfromtheline
S1 = fx 1 X1 = X2 = OgandtheplaneS; = fx : x3 = 0Og, as
shownin Fig. 2. We candescribetheentiredatasetas: Si1[ S, =

fx :(x1=x2=0)_(xz=0)g= fx :(xaxz = 0)" (X2X3 =

0)g: Theefore, the mixture of subspacess in this casedescribed
by the polynomialspi (x) = Xi1x3 andpz2(x) = Xx2x3, both of
deggree2. LetP(x) = [p1(X); p2(x)]. Thenthe derivativesof
P(x) atpointsy, = [0;0;1]" 2 S; andy, = [1,1;0]' 2 S,

are: 3 2 3 2 3

x3 0 10 00
DP(x)=40 x35) DP(y,)=4015; DP(y,) = 4005:
X1 X2 00 11

ThenthecolumnofD P (y,) spanS; andthecolumnsofDP (y,)
spanS; (seeFig. 2). Subsequentlyhe dimensiorof theline can
beretrievedask: = 3 rankKDP(y,)) = 1, andthedimension
oftheplaneisk. = 3 rankKDP(y,)) = 2.



Fig. 2. Datasamplegdravn from a mixture of oneplaneandone
linein R®. Arrows arenormalvectors.

Theabovetheoremsuggests very simpleandeffective
schemdor estimatinga hybrid linear modelfrom the data
set. However, rstly, sincethe numbern of subspacesor
linear models)is also unknown, we do not know the cor
rectdegreeof the Veroneseembedding.Secondlythereal
datasetfrom the experimentswill notbe noisefree,hence,
likein the KLT andPCA,thelinearalgebraionodelshould
be chosenasthe onewith the highest delity to the noisy
data. Fortunately thesetwo problemscanberesohedby a
recuisiveand robust versionof the above algebraicGPCA
algorithm[13]. It canboth toleratenoisein the dataand
handleoutliers.

4. IMPLEMENT ATION AND EXPERIMENT AL
VERIFICA TION

In principle, one may usethe GPCA methodto identify a
hybrid linear model for an image. However, a dif culty

associateavith directly applyingthe GPCA methodto the
block vectorsis thattheir dimensionK is very large. Even
for8 8blocksof agrayscalémage K = 64isalreadytoo
large for the Veronesanapto be implementecbn a typical
computer ThereforepeforeapplyingGPCA,we shouldre-
ducethedimensionalityby projectingthe dataontoalower-
dimensionalsubspace.Theoretically whenthe largestdi-
mensionof the subspacesienotedy Knay , is known, one
may choosea (kmax + 1)-dimensionalaf ne) subspacé

suchthat, by projectingRX ontothis subspace:

p:x2RC 71 x%= p(x)2P:
TheresultingP givesa“minimum” representatiothatpre-
senesthemultilinear structureof the original data.
Fortherestof theexperimentswe rst applyPCAtore-
ducethe dimensionof the vectorsandthenperformGPCA

ontheir (projectednew coordinates. Theresultsfrom GPCA

will beamixtureof linearsubspaceandeachsubspaceon-
tainsagroupof imageblocksexpressedsthesuperposition
of its basis.

4.1. Hybrid linear modeland segmentation

Fig. 3 shaws the resultof applyingthe GPCA methodto
thestandarcb12 512Barbaramage.Thetotal numberof
blocksis N = 4096 Theseblocksaresggmentedautomat-
ically by GPCA into threegroupsasshovn in Fig. 3. We
canfurtherimprove the basisof eachsubspacéy applying
PCAtoonly theimageblocksof eachgroup.Fig. 4 displays

4In our currentimplementationdueto the hardwarelimitation, the di-
mensionfor the initial PCA is chosento be  12. Furthermorewe can
only sample2000 blocks from the whole imageto computethe hybrid
modelandthenprojecttherestblocksontotheir closestsubspaces.

Fig. 3. Thesegmentatiorof the 4096imageblocksfrom the Bar
baraimage.Theimage(left) is segmentednto threegroups(right
three). Roughly speakingthe rst groupcontainsmostly image
blocks with homogeneousextures; the secondand third groups
containblockswith texturesof different spatialorientationsand
frequencies.

thethreebasedor thethreegroupsshovn in Fig. 3, respec-
tively. It is worth noticing thatthesebasesarevery consis-
tentwith the texturesof theimageblocksin therespectre
groups.Thereforethe proposedybrid linearmodelcanbe
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Fig. 4. Thethreebasedor thethreegroupsin Fig. 3, respectiely.
The numberof basevectorsfor eachgroupis determinecby the
GPCAmethodasthedimensionof eachlinearmodel.

easilyextendedto pixel-wisetexture-basedmagesegmen-
tation. Theinterestedeademayreferto [13].

4.2. Image compression

In additionto imagesegmentationthe hybrid linearmodel
offersaveryef cient representationf theimagethatis use-
ful for later stagesof image processinggspeciallyimage
compressionln this section we compareGPCAwith other
populartransformsfor image compression. Thesetrans-
forms arethe DCT, KLT (or PCA), andthe wavelet trans-
forms. For simplicity andclarity, the comparisordoesnot
includeary quantizatioror entrofy encodingof the coef-
cientsof eachtransform® The resultsclearly demonstrate
thesuperioref ciency of GPCAoverary single-modetrans-
forms(i.e., the x ed-basiDCT andthe adaptve KLT), as
well as reveal the relative position of GPCA againstthe
multi-resolutionwavelettransforms’

We usethe Babooncolor image(Fig. 5 left). For the
wavelet transforms,we selecttwo Iters: oneis the sim-
plest,thelevel-2 Haartransform andtheotheris morecom-
monly used(e.g.,in JPEG-2000)the level-4 bior4.4trans-
form [5]. Both areavailablein the Matlabwavelettoolbox.
For all thetransformswe keep24 nonzerocomponentper
8 8imageblock (thatis, 8 percolor channel)’ Theresult
is shawvnin Fig. 5.

5For suchtopics,we referthereaderto theliterature e.g.,[10].

8Notethatthewavelettransformsarenotin theclassof transformations
with a x edblock-size.Thereforethe comparisorwould notbefair.

“For GPCA, 24 is the upperboundfor the averagenumberof compo-
nentsperblock, seeSection2.



Fig. 5. ThePSNRversughenumberof componentor theDCT,
KLT, wavelets(level-2 Haarandlevel-4 bior4.4),and GPCA for
approximatinghe Baboonimage(shavn ontheleft).

Fromthe gure, we notethat,the GPCA-basedybrid
linearmodelincreaseshe PSNRof the KLT by about1dB,
but the bior4.4wavelethasa PSNRabout1dB higherthan
GPCA. The differenceis ratherconsistentvhenthe num-
ber of componentss increased.We have also conducted
similar experimentson mary otherclassicalgrayscaleand
colorimagesandtheresultsaresimilar. As conclusionthe
GPCA-basedybrid linear modelis indeedmore ef cient
thanthe supposediyoptimal KLT (or PCA) amongtrans-
forms with a x ed block-size;its performancds actually
comparabldo that of a moderatemulti-resolutionwavelet
transform.

5. CONCLUSIONS

In this paper we contendthat hybrid linear modelsoffer
a morepowerful modelingparadigmfor a sparseepresen-
tation of imagesthan the corventionalsingle linear mod-
els (i.e., the KLT and PCA); we have shown that thereis
a global and non-iteratie solutionto the identi cation of
hybrid linearmodelshasedn simplelinearandpolynomial
algebraidechniqueswe have demonstratetly experiments
andcomparisorwith otherrepresentationsuchastheDCT,
KLT, and wavelet transformsthe ef ciency of the hybrid
linearrepresentationsf images.Thereforewe believe that
the hybrid linearmodelscanprovide ef cient sparseepre-
sentationof imagesfor later stagesof imageprocessing,
especiallyin applicationssuchasimagesegmentationand
compression.
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